Introduction
Cryptocurrencies have attracted a lot of attention about their projected use as digital currencies not governed by any central authority. Since 2009, when Bitcoin was invented, much debate has happened to ascertain if these are just momentary asset bubbles or actual disruptions in the way we know and use money.
However, the markets seem to have accepted them. As per data from website coinmarketcap.com, the total reported market cap of all cryptocurrencies is more than US$ 340 billion as of June 1, 2018 . This is still lower than the all time high market cap of US$ 835 billion.
There is a lot of financial innovation riding on this wave. There are more than 1600 cryptocurrencies available today. These can be traded via many exchanges or OTC trading desks. A few exchanges have introduced cryptocurrency based indices (e.g. CRIX). Several Index funds (e.g., Crypto20, Coinbase Index Fund) have also been introduced. As more investors and institutions [1] get interested in adding these assets to their portfolios, the need to measure risk dynamics increases. This paper makes an attempt to study the dependence structure among major cryptocurrencies. This can be used in applications like measuring risk estimators such as Expected Shortfall and also to optimise portfolio performance.
Review of Literature
Despite growing interest and use, not much research has been published since most cryptocurrencies are very new and not much time series price/volume data is available. Most research on volatility dynamics focuses on the oldest and biggest cryptocurrency (by market capitalisation), Bitcoin. This paper attempts to analyse the latest price series data of four major cryptocurrencies to find new insights and add to the current academic literature on the subject.
Data and Methodology

Data
This paper uses returns data of the four major cryptocurrencies (as per Market cap) namely, Bitcoin(BTC), Ether(ETH), Ripple(XRP) and Litecoin(LTC) for a sample period from August 2015 to May 2018. This constitutes a total of 1028 data points. The data was sourced from the website coinmarketcap.com and is publicly available for download. The four cryptocurrencies constitute about 70% of the total value of cryptocurrencies available. Although Bitcoin Cash is among the top five cryptocurrencies, it is not used in this analysis since it was introduced recently (August 2017).
Methodology
This paper builds upon the Copula GARCH approach pointed out in Pfaff (2016) [15] . The Vine Copula theory is employed in this analysis.
1. Specify and estimate the GARCH models for each loss factor.
2. Determine the standardised residuals and calculate the pseudo-uniform variables 3. Estimate the Vine copula model. 4 . Use the dependence structure determined by the estimated copula to create N sets of random variates (e.g., 100,000) for the pseudo-uniformly distributed variables. Any weight vector can be used as long as the weights sum upto one.
7. The simulated portfolio returns are then calculated by assigning the above weights to the assets. 8. These returns are then sorted and the expected shortfall (CVaR) at the 95% confidence level is reported as the median of the largest 5% losses.
9. This CVaR is compared with the CVaR for a t-copula model and CVaR based on a historical returns approach to comment on the suitability of this more complex approach.
Copula GARCH Model [16] was introduced in 2002. Since then, it has been extensively used to model dependence, especially in the field of empirical finance.
The marginal distributions of jointly distributed random variables along with inherent dependence structure are contained in their joint distribution function [17] ,
The above expression shows that a copula is the distribution function in R There are several copula construction methods with each having its own strengths and weaknesses. Since we have a four dimensional dataset, the vine copula structure is chosen. Vine Copulas build upon bivariate copulas and provide more flexibility [18] in high-dimensional dependence modeling. Hence, this analysis can also be used to scale for higher dimensional datasets. A cryptocurrency index may have quite a few currencies incorporated in it.
The concept of Vine Copula [19] was first introduced in 1994. However, the graphical dependency models called Vines [20] were introduced in 2002. They are defined [18] as follows: We now move onto the concepts for capturing the dependence between risk factors.
Kendall's rank correlation coefficient (ρ τ ), is defined as
The upper and lower tail dependencies for two random variables (X, Y ) with 5 marginal distributions F X and F Y are defined as:
The expectation and variance equations for ARMA-GARCH models are as follows:
where X k is the return/loss of the k th asset in the portfolio, k = 1, . . . , K
Results and Interpretation
Descriptive Statistics
The raw price series is plotted first, which itself is an indicator of the wild fluctuations in the prices since 2015. These are plotted separately since the absolute price differences across the four assets are very high. We can also spot their tendency to move together. Finally, we also look at the descriptive statistics of the four cryptocurrencies. We see that the cryptocurrencies vary greatly in their Skewness. Moreover, all are very highly leptokurtic.
GARCH Estimation
It was observed that the best fit is provided by ARFIMA(0, d, 0)-GJR-GARCH(1,1) model [21] . GJR-GARCH also captures the leverage effect and hence, is a richer model. The model is fitted using Skewed Generalized Error Distribution (SGED). The final specification of the fGARCH-gjrGARCH model is as follows :
Diagnostics are run to ensure that relevant coefficients are significantly different from zero and the stability requirement for GARCH(1,1) models is not violated, i.e., α 1 + β 1 < 1. Further, we can see significant deviation from normality from the estimate of the degrees of freedom parameter ν.
Weighted Ljung-Box Test on the standardised residuals and the squared standardised residuals show no serial correlation. Table 2 shows the fitted GARCH model. Table 3 provides the main diagnostics results.
More diagnostics tests were run but are not included with an intention to keep the paper brief. More results can be provided on request.
An ARFIMA(0, d, 0) is used for the ETH series to ensure that the stability requirement is met. For the other series, the ARFIMA(0, d, 0) was estimated to be zero. 
Copula Estimation
The residuals from the GARCH model are used to complete the Copula modeling exercise. First, the estimated Kendall's τ are estimated. With higher dimensional data, the number of possible R-vines increases dramatically. There are n!/2×2 ( The Vine copula relationships are estimated [25] and reported as follows: A goodness of fit test [26] is used to check if the fitted t-Copula is indeed not satisfactory. The null hypothesis, H 0 : C ∈ C 0 where C 0 is specified as t-Copula is rejected at 1% significance level. For the chosen Vine Copula, the above null hypothesis could not be rejected even at 10% significance level.
Hence, it can be concluded that a t-Copula is indeed a mis-specification for our dataset. More importantly, our Vine Copula construction appears to be a good fit for the given dataset.
Application
Now that we have a copula structure at hand, we need to see how useful it is for a real world application.
Calculating Estimated Shortfall (also known as Conditional Value at Risk)
is an important aspect of portfolio management.
Estimated Shortfall (at a specified α) is the mean/median of the lowest (1−α)% of returns. For instance, if ES(95) is estimated to be 8%, this would suggest that in the worst 5% of the returns, the average loss would be 8%.
The Expected Shortfall calculation is repeated for a mis-specified Copula to check the difference in Estimated Shortfall. A t-copula is fitted [27] to the residuals. Further, Estimated Shortfall is also calculated using historical returns.
The results are compared. Hence, we can say that a Vine Copula construction is useful in measuring the risk of our chosen portfolio.
Conclusion
This paper uses Vine Copula modeling on a basket of cryptocurrencies to analyse the dependence structure. We see that the Vine Copula based model provides the highest Estimated Shortfall.
Given the high volatility in all the cryptocurrencies along with the positive association between the cryptocurrencies, investors should be careful about their investment decisions in any cryptocurrency. Moreover, from the point of view of a portfolio manager or an investment analyst, this paper shows that risk estimates vary greatly depending on the model chosen.
An argument can be made that risk measures based on naive methods or misspecified models underestimate the inherent risk in a portfolio. As mentioned earlier, this analysis becomes more important as new financial instruments based on cryptocurrencies are being introduced.
Apart from the cryptocurrency assets, the use of Vine Copula modeling has attracted much attention due to the inherent flexibility which is useful to provide a better fit to real life data. Further research using other multivariate models to compare and contrast model performance will help us draw more definitive conclusions.
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